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ABSTRACT: Curvature-squared terms are added to a consistent formulation of supergravity
on manifolds with boundary which is meant to represent the low energy limit of strongly
coupled heterotic string theory. These terms are necessary for the cancellation of gravi-
tational anomalies and for reductions to lower dimensions with broken chiral symmetry.
The consequences of anomaly cancellation when flux and extrinsic curvature terms are
taken into account have yet to be fully exploited, but some implications for flux terms are
discussed here.
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1. Introduction

Some time ago, Horava and Witten [I], ] proposed that the low energy limit of strongly
coupled heterotic string theory could be formulated as 11-dimensional supergravity on a
manifold with boundary. This opened up the possibility that matter might exist on a
surface embedded in the 11-dimensional spacetime with supergravity taking care of the
gravitational interactions. Although the theory has received less attention recently than
type IIB superstring theory, it nevertheless remains a possible starting point for particle
phenomenology [B, -

The original formulation of Horava and Witten contained some serious problems which
limited the range of validy of the 11-dimensional limit. These problems where solved
recently using a new formulation of supergravity on manifolds with boundary [J-[]. The
most serious problem affecting the model was that it was expressed as a series in the factor
k1123 multiplying the matter action, which worked well at leading and next-to-leading
order but became ill-defined thereafter. This problem was resolved by a simple modification
to the boundary conditions resulting in a low energy theory which is supersymmetric to all
orders in r11%/3.

The aim of the present paper is to add curvature-squared terms to the new formulation
of supergravity on manifolds with boundary. These terms are necessary for the cancellation
of gravitational anomalies B, §, [, and they are important for reductions to lower dimen-
sions with broken chiral symmetry [B, [, f-[[J]. Higher order terms should therefore be
present if the theory is truly the low energy limit of the strongly coupled heterotic string.
Curvature-squared terms have been included in the boundary action, for example by Lukas
et al. [f], but they have never been shown to be part of a supersymmetric theory before.

The methodology adopted will be to construct the boundary conditions and the ac-

tion of the theory order by order in derivatives, imposing the local symmetries at each



stage. Anomaly cancellation will be brought about by the Green-Schwarz mechanism [[[3],
modified to accomodate boundaries [B, ff]. The results contain all terms with up to five
derivatives and two fermi fields. A remarkable feature is that the action to this order is
uniquely determined, with only one free parameter x11. It seems likely that this determin-
ism in the theory will occur at higher orders in the curvatures, leaving no room for free
parameters apart from the gravitational coupling.

Before proceding, it will be helpfull to repeat some of the ingredients of the improved
version of low-energy heterotic M-theory described in ref. [{]. The theory is formulated
on a manifold M with a boundary consisting of two disconnected components 0M; and
0My with identical topology. The eleven-dimensional part of the action is the conventional
action for supergravity, with metric g7, gravitino +; and antisymmetric tensor Cr [[4].
The boundary terms which make the supergravity action supersymmetric are [17],

1 I
So = — <K F —¢AFAFBQ/)B> dv, (1.1)
K11 Jom 4
where K is the extrinsic curvature of the boundary and A, B, ... denote tangential indices.

Hats denote the standardised subtraction of gravitino terms to make a supercovariant
expression. We shall take the upper sign on the boundary component 0 M7 and the lower
sign on the boundary component O Ms.

There are additional boundary terms with Yang-Mills multiplets, scaled by a
parameter e,

Sym = —% / dv <1trF2 + 1tmerDA(Q**)X + E&AFBCFAtrF§0X> , (1.2)

k11 Jom 4 2 4

where F* = (F + F)/2 and the connection ** = (Q + Q*)/2. The original formulation
of Horava and Witten contained an extra ‘xxxw’ term, but it is not present in the new
version. The formulation given in ref. [[f] was only valid to order R, and our aim here is to
extend the theory to include R? terms and beyond.

The specification of the theory is completed by boundary conditions. For the tangential
anti-symmetric tensor components,

V2

where wY is the Yang-Mills Chern-Simons form and wX is a bilinear gaugino term. These
boundary conditions replace the modified Bianchi identity in the old formulation. A sug-
gestion along these lines was made in the original paper of Horava and Witten [B]. For
the gravitino,

A8 (Py + T Py)tha = eJy ™, (1.4)

where Py are chiral projectors using the outward-going normals, I' is a bilinear gaugino
term and Jy is the Yang-Mills supercurrent. The resulting theory is supersymmetric to all
orders in the parameter €, but the gauge anomalies only vanish if the gauge groups on the

1 (’“1)2/3. (1.5)

T4 \ar

boundaries are both Fg and



Further details of the anomaly cancellation, and additional Green-Schwarz terms, can be
found in ref. [{].

The gravitational anomaly vanishes if we introduce an extra term into eq. ([.J) in-
volving the Chern-Simons term w’ for local Lorentz transformations. The calculations
which follow can be seen as an attempt to find the supersymmetric completion of the new
boundary conditions with the local Lorentz term. These boundary conditions are sufficient
to determine the boundary action. Section 2 lays down the general strategy and sets up
the derivative expansion scheme. Section 3 gives results up to fifth order in derivatives for
the boundary terms in the action and for the boundary conditions. The last part of section
3 considers anomaly cancellation and discusses the generalisation of the earlier results to
all orders in the curvature. The results are collected together in the conclusion.

The conventions used follow Weinberg [[[].The metric signature is — + ...+. The
gamma matrices satisfy {I';,T';} = 2¢;; and I'/-K = 'l | TKl Eleven dimensional
vector indices are denoted by I, J,.... The coordinate indices on the boundary are denoted
by A, B, ..., tetrad ones by A, B, ... and the (outward unit) normal direction by N.

2. Supersymmetry transformations

Construction of the higher order terms is based on the ingenious method introduced by
Bergshoeff et al. [[§, [[7]. We combine the spin connection and gravitino derivatives into a
pair {w, g, Yap} which is almost a Yang-Mills multiplet. Adding the higher order terms
is similar to adding Yang-Mills multiplets, which we know how to do. Unfortunately, in 11
dimensions, normal components and flux terms complicate the simple picture and enhance
the technical difficulties.

We shall start from the transformation rules for the graviton multiplet and devise
a consistent derivative expansion scheme. Then we shall construct quantities which are
optimised to make the best possible Yang-Mills multiplet. In the next section we construct
the boundary terms in the action to fifth order in derivatives. The following section .
extends the boundary conditions to fifth order in derivatives and confirms that they are
supersymmetric

We shall use the parameter « to keep track of the order of terms in our derivative
expansion. The order of terms should be preserved by the sypersymmetry transformations,

which are
Pl i
de J = §T]F ¢J (2.1)
Sy — O ﬁ JKLM _ g5 JTKLMY oA
Yr = Dr()n + 533 (T; 8r°T" ) NGk LM (2.2)
2 _
0Crix = _?nF[IﬂDK} (2.3)

where G is the abelian flux tensor. We also require that Cagc ~ wﬁ pc on the boundary.



The ordering we shall use is,

Rapep = 0(a?) Ya=0(a) (2.4)
Gnasc = 0(a®) Dy = O(?)
Gapep = O(e*)  Dig = O(a”) (2.6)

Additional tangential derivatives increase the order by one. This expansion scheme is
consistent with the Calabi-Yau reductions found in the literature [[], where the small
parameter is related to the curvature of the Calabi-Yau space.

The first quantity we construct is the gravitino curvature ¢4p. We start from the
supersymmetry transformation of the tangential gravitino from eq. (R-) to two-fermi order,
which can be written,

6tha =Dan = (Da+ Aa)n (2.7)

where D4 uses the Levi-Civita connection and A4 contains a combination of abelian-flux
terms and gamma matrices. The analogue of the curvature is defined by

[Da,Dp] = Ras. (2.8)
The quantity R 4p is a tensor which takes values in the gamma-matrix algebra,
1
Rap = —ZRABIJFIJ + 2DaAp) — [Aa, Apl. (2.9)
The new derivative is used to define the gravitino curvature v 4p,

Yna = 2D[nYa (2.10)
Yap = 2Datp) — T a¥pn- (2.11)

It may help understand this construction to recall that, in the reduction of 11-dimensional
supergravity, the 10-dimensional gravitino is ¢4 + ['4t¢n/2. If the normal derivatives
vanish, then ¥ 4p is the usual 10-dimensional gravitino curvature. The supersymmetry
transformation of the gravitino curvature is

dap = Rapn — 2L AR N1 (2.12)

Note that Ryapc is very small due to Gauss-Codacci relations, of order o, and this
variation basically depends on Rapcp plus abelian-flux terms.

The supersymmetry transformations are only required on the boundary, where it proves
convenient to decompose the flux-gamma-matrix combinations into tangential and normal

components,
V2 V2
X = ﬁGNABCTABC, Xa = ?GNABCPBca (2.13)
V2 V2
= @GABCDFABCD, Ya= QGABCDTBCD, Yap = ~—Gapcpl©P. (2.14)



For example,

Ag =TAa(TnX +Y) —T'nX4 — Ya, (2.15)
Ay = —2X +T'nY. (2.16)

The supersymmetry parameter is chiral on the boundaries, with I'yn = Fn depending on
which boundary we choose. The results below take I'yn = —n.
Next, we turn to the Levi-Civita spin connection w , z. This does not transform like
a Yang-Mills gauge field, but we can adapt an idea from 10 dimensions [[7] and try the
addition of a G-flux term,
_ 1
w :wABC'+_GNABC" (2.17)

V2

The transformation rules for the pair @7 . . and ¥ ap become

ABC
. 1_
0w, b = —577FA¢3@ +Yape (2.18)
1
YA = _ZR cpasTPn +yapn, (2.19)

where the minus superscript on the curvature indicates use of the w™ connection. The
leading terms are O(a?), whereas y , 55 and yap are both O(a®). These correction terms
are given by

1 1 1
Yape = — M pe¥na — §U{FBO7X}¢A +5Meaptne T O(a?), (2.20)
LapY' —T(aYp — Yap +0(a”), (2.21)

YAB

where Y is shorthand notation for DyY. Note that R, 5~ # Ropap now that the
connection is no longer a metric connection.
In order to complete the set of transformation rules, we also need

0YNA = YNAT, (2.22)

where
yna =2D4X +T4Y' — Y4 + O(a®). (2.23)

We have not made any modification to the basic supersymmetry rules, and none appears
to be necessary to the order at which we are working. All of the approximations used in
this section can be replaced by exact expressions, but the approximate ones are sufficient
for the subsequent sections.

3. Higher order terms

3.1 Boundary terms in the action

At leading order in «, the pair {&} 5, ap} form a Yang-Mills multiplet and we can add
this to the boundary conditions and the action in the same way as the existing Yang-Mills



multiplet described in the introduction. We use a new coupling e’ for the new multiplet,
and anomaly cancellation fixes & [f],

1
el = —5¢ (3.1)

The boundary conditions can be read off eqs. ([.3) and ([[.4),

V2 V2

Capc = BT (WXBC +wipe) + 91 (WﬁBc + wﬁBC) ) (3:2)

1
I8P g = eyt — 5eJLA, (3.3)

. 1 . 1
Kap — §QABK = el)p— gﬁTﬁsy (3.4)

where TXB is the Yang-Mills stress tensor and

1—
Whpo = Zl/JDEFABCl/JDE, (3.5)
1
It = ZFBCPARBCDEwDE7 (3.6)
_ _ 1 _ _
TﬁB = R™ 4cpeR BCDE — ZQABR cperR CDEF 4 1)-terms. (3.7)

The Yang-Mills results imply that eq. (B4) is a necessary and sufficient condition for
supersymmetry of the boundary conditions (B.9) and (B.3).

There are also new curvature-squared terms in the boundary action, which we obtain
from the Yang-Mills terms in eq. ([.9),

€ 1 __ _
Srr = _2/ dv<—R apcpR™ABOP (3.8)
2/4311 OM 4

1- 1-
+§T,Z)BCFADA(M)¢BC + Z¢AFBCFARBCDE¢DE>-

The supersymmetry of the full action with the new boundary terms follows from the gravity-
Yang-Mills calculation given previously [[]. The modified curvature R, pcp has been used
for consistency between the derivative orders of the bosonic and fermionic terms. Note
that terms involving the square of the Ricci tensor only appear at order o® in the ordering
scheme being used.

Another important property of the full action is that it should be stationary under
variations of the fields about solutions to the field equations with the specified boundary
conditions. Variations of the new boundary term with the tetrad can be decomposed into
metric variations and local Lorenz rotations (see appendix B in [f]),

5Snn = 2/_:%1 /8 R {&u; o <DARABCD _ %DEW ArBErquCD)> _ %@ABTLAB} .
(3.9)
The surface stress-tensor term is O(a?) in the derivative expansion and combines with the
variation of the supergravity action Ssg to produce the boundary condition eq. (B.4). The



metric variation provides a good way to determine the fermion terms in the stress-tensor.!

The Bianchi identity and the gravitino field equation together imply that the variation
of the surface connection gives no contribution to dSrr at leading order in the derivative
expansion.

Variations of the action with the gravitino can be split up in the following way,

€ —BC 1 —
6SRR = =5 dv {w <FADA1/JBC + —RDEBCPAPDE¢A> + 0% AJg‘} . (3.10)
2/4311 OM 4

The supercurrent term is O(a®) and contributes to the boundary condition Eq (B.3). The
gravitino field equation can be used to show that the remaining terms are only O(a®), and
they play no role at leading order.

Finally, it is possible to reduce the 11-dimensional action to 10-dimensions to obtain the
low energy limit of the weakly coupled heterotic superstring. The result of dimensional re-
duction agrees with the higher-order action obtained from supergravity 10-dimensions [[[§].
The curvature-squared terms obtained from string amplitude calculations also agree, up to
allowed metric redefinitions [[[J].

3.2 Boundary conditions and G-fluxes

At fifth order in derivatives new G-flux terms begin to contribute to the boundary con-
ditions. Due to the connection between the boundary conditions and the Green-Schwarz
anomaly cancellation mechanism, these terms allow us to deduce some of the G-flux terms
in the anomalies. The part of the supersymmetry transformation which is exactly fifth
order in derivatives will be denoted by d5. For the rest of this section we shall drop the
Yang-Mills terms.

The fermion boundary condition can be written in the form,

1 _
Pipg=—gre (T4BC = 1064°TY) R~ pepp®? + efa®“ype, (3.11)

where f4B¢ contains G-flux terms and gamma-matrices. When we drop the three-fermi
terms, variation of the fermion boundary condition can be done using eq. (R.19) and gamma
matrix identities. The fifth order supersymmetry variation d5Py1 4 vanishes for

fABC = 548yl 4 %FAY,BC, (3.12)

where Y4 was defined in eq. (R.14) and prime denotes a normal derivative.

The antisymmetric tensor is a little more complex. The proposed boundary condition
is that

V2
Capc = oL € (foBC + WﬁBc + Wch) ; (3.13)

Variation of the original supergravity action makes a contribution to T'5;5. This was given incorrectly
in section 2 of [E] I am grateful to Paul Saffin for pointing out this mistake.



where

wipc = wipc(@) (3.14)
1— — _

Wapo = Z¢DEFABC¢DE = 6Yna¥Bo) — 129145 X Y0 (3.15)
1 . R . R

Wipe = 3 Gupc”"F Gnper +3GNa " Gpopp- (3.16)

The dual tensor

*GypcpEr = ﬂEABCDEFPQRSG/PQR& (3.17)

where G(ABC’D = DNGABCD = _4D[AGBCD]N'
Variation of the antisymmetric tensor field on the boundary using the bulk supersym-
metry transformations gives,

V2 _
0Capc = _?WP[AszC}- (3.18)

Since n = P_n, we can replace 104 by P14 and use the gravitino boundary conditon (B.11)
to get the fifth order transformation,

V2_
05CaBc = —?HP[ABfC}DElbDE- (3.19)

Variation of the terms on the right hand side of the boundary condition using egs. (R.1§

R.23) gives

Sswhpe = —6NRpcYNa — 120{Riap, X }ey, (3.20)
Jswhpe = 6TRpeYN A — 120145 X Doy (3.21)
1
+12NRapXYc) + §ﬁyDEPABC¢DE — 6MyNAYBC,
1 _ 9 _
55“}2BC = 2% Gy P pbpE + 5\/§G£43DE77F[C¢DE}. (3.22)

The best way to deal with the D 47 contribution is to remove a total derivative,

1
Sswh + S3w? = —12D[4(FX ¥pey) + 125(Da X )po) + gﬁyDEFABcibDE — 6MynaYBC,
(3.23)
where use has been made of the identity

Dia¥pe) = Rapie)- (3.24)

We can absorb the total derivative into an abelian transformation of the C field. After
difficult gamma-matrix manipulations,

Ssw” + 03w¥ = =3 (apfor”FvpE + iﬁ « Gy PPl ppp — g\/?GhBDEﬁF[c¢DE}-

(3.25)
The last two tems cancel with eq. (B.29), leaving a term which matches eq. (B.19). We can
conclude that the boundary condition on C' is supersymmetric.



3.3 Anomaly cancellation

Earlier in this section we used the fact that anomaly cancellation requires the combination
of Chern-Simons forms

1
WY — §wL. (3.26)

in the boundary condition for the antisymmetric field. This combination orginates in
the 12-form I1» which generates the gauge, gravity and supergravity anomalies. Horava
and Witten obtained an expression for this 12-form by combining gaugino and gravitino

contributions,
Iy = ——— (I3 — 41, X, 3.27
where
1
Iy = tr F% — Str R? (3.28)
1 4, 1 212
Xs = 8trR + 32(trR ). (3.29)

The usual notation convention is used now where exterior products are implied rather than
explicit. The combination (B.26) allows the gauge variation of the CGG term in the action
to cancel the anomalies descended from I3.

We have found that supersymmetry demands G-flux terms to appear in addition to
the Chern-Simons terms in the boundary conditions. Anomaly cancellation will only occur
if these terms also appear in Iy,

1
I =trF? — St R™2 4 dw® + 0(a%), (3.30)

where w© was given in eq. () Note that we can only determine the Gyapc terms at
this order, even though G 4pcp terms may also contribute to I4. As a matter of fact, both
G-flux and extrinsic curvature terms can contribute to the anomaly, since these where both
dropped from the original anomaly calculations.

The anomaly 12-form has now been calculated with G-flux terms by Lukic and
Moore [R0]. Unfortunately, a direct comparison is complicated for a number of reasons.
Firstly, Lukic and Moore include a ‘Gxx’ term in their boundary action as suggested by
Horava and Witten [B], but which is not allowed in the improved theory. Secondly, the
fields in the direct anomaly calculation satisfy the background field equations. The bound-
ary conditions only give the I3 part of the anomaly and we need the full expression to
compare when subject to field equations.

For the remainder of this section we turn from the G-flux terms to higher order cur-
vature terms. The I4Xg term in I15 can be cancelled by a Green-Schwarz term C'Xg in
the 11-dimensional action [§. To make sense of this term, Xg has to be defined in the
11-dimensional bulk so that it reduces to (B.29) on the boundary. There is no need to
modify the boundary condition on the C field on account of the C'Xg term, the boundary
condition being determined only by I, as long as the anomaly takes the general form (B.27)

so that the Green Schwarz mechanism can be applied.



We have seen already how anomaly cancellation leads to a unique combination of
curvature-squared terms in the boundary action. This occurs also at higher orders in cur-
vature. The boundary condition on the C field is determined by Iy. The other boundary
conditions are then fixed by supersymmetry. In turn the boundary action, which is deter-
mined by the boundary conditions, must also be fixed by I4. Terms which are higher order
than the square of the curvature can arise in this way from extrinsic curvature contribu-
tions to the anomaly. These can be replaced by higher order intrinsic curvature terms by
using the boundary condition on the extrinsic curvature.

As an example, we could consider the ‘€?R*’ interaction terms in the supergravity
action which are related to the ‘CXg’ term by supersymmetry [§]. These will bring in
boundary terms of the form ‘€?K R, equivalent to ‘e K2R’ after we apply the boundary
condition on the extrinsic curvature K. Anomaly cancellation will now require another
modification to I, introducing ‘K2R’ terms. In principle, we could reconstruct the extrinsic
curvature terms in the anomaly term this way. Comparing these against a direct calculation
of the anomaly would be a highly non-trivial consistency check.

Another reason this approach may be of interest is that the arguments made so far
for the low energy effective action can be applied equally well to the quantum field theory
effective action for supergravity on a manifold with boundary. By including a boundary
we introduce anomalies. If these can be cancelled by a Green-Schwarz type of mechanism,
then local terms in the boundary action are severely constrained. In particular, any su-
persymmetric counterterms to the theory which required boundary contributions to the
action would not be allowed.

4. Conclusion

11-dimensional supergravity on a manifold with boundary shows an amazing robustness. At
each successive order in derivatives, the anomaly-free extension of the theory is very tightly
constrained, but so far this has not forced any internal contradictions. This is consistent
with the idea that the construction produces the low-energy limit of a well-defined theory
of some kind.

The results for the higher order terms obtained in this paper can be summarised as
follows. First of all, the curvature-squared terms in the boundary of the supergravity action
up to fifth order in derivatives are

€ 1__ _
Spr = _2/ dv<—R apcpR™ABCP (4.1)
2671 Jom 4

1- 1-
+§1,Z)BCFADA(M)¢BC + Z¢AFBCFARBCDE¢DE>7
where 14 is the gravitino curvature eq. ) and the minus superscript indicates use of
the modified Lorentz connection with G-flux terms eq. (R.17). The theory now has vanishing

gravity and supergravity anomalies, as well as the vanishing gauge anomaly which existed
previously. The supersymmetric boundary conditions up to fifth order in derivatives and

— 10 —



two fermi fields are,

V2

Capc = 1€ (wﬁBc + WﬁBc + wac) (4.2)
1 _
Py = 1€ (T4PC = 1064°T°) R™ pepp? + efa®“ype (4.3)
. 1 _ _ 1 _ _
Kap = —5¢ (R acpeR™ PP — 13948 cppFR CDEF) + ¢-terms.  (4.4)

where the )-terms in eq. ([L.4) can be obtained by variation of the full action whilst keeping
the surface connection fixed, and

whipe = wipc(@) (4.5)
P 1 DE — \/5 - PQR
wapc = 7¥pelaBot™ — 6¥navpe) — = GrnrarY sl Ya (4.6)
1 . . R R
wipe = 3% Gapc”" Gnper + 3GN[ADEG/BC}DE (4.7)
V2 V2
fABC _ ﬂFPQR(SA[BC7V/C']PQR + EFAFPQG/PQBC' (48)

Hats denote the supercovariant quantity constructed by adding fermion terms and prime
denotes a derivative in the normal direction.

The flux terms imply new contributions to the gravitino anomaly of supergravity on
a manifold with boundary. Some progress has been made in calculating these terms di-
rectly [R{], but so far more work is needed for a full comparison to be made. A direct calcu-
lation of the gravitational anomaly including flux terms and extrinsic curvatures would give
an important check that the Green-Schwarz mechanism can be used at higher derivative
orders to obtain an anomaly-free theory.

Introducing the boundary means that total divergences which are usually discarded
when discussing supersymmetry have to be retained. These total divergences are partic-
ularly dangerous when they start to interfere with the anomaly cancellation mechanism,
as described in section IIIC. This restricts the addition of new bulk interaction terms to
the supergravity action [RI]. There may also be important implications for the allowed
counterterms in quantised 11-dimensional supergravity [J], and it would be interesting to
examine both interaction and counterterms on a manifold with boundary.
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